The first friction is that the government cannot commit to policies, either tax or debt policy. It always faces the temptation to expropriate capital and default on debt. The second friction is that the risk of losing office makes the government impatient relative to the market. We show theoretically that the combination of the government's impatience (however small) and inability to commit generates perpetual cycles in both sovereign debt and investment in an environment in which the first best capital stock is a constant. The small open economy dynamics converge to a region where the expected tax on capital varies with the state of the economy and investment is distorted more in recessions than in booms, generating persistent effects from iid shocks.
In this note, we extend our previous work along the following dimensions. First, we explore numerically the comparative statics of the behavior of investment, consumption, output and net exports to different rates of government impatience. Second, we discuss the implications of imposing a balanced budget rule on the government.
In our numerical exercise, we maintain a simple framework with iid shocks such that a government that discounts at the world interest rate would generate zero volatility in investment and consumption in the long run. The question we address is how much volatility and persistence is induced for reasonable reductions in the governmental discount factor. We find that the magnitudes are substantial. If the government discounts at 90 percent of the world interest rate, investment volatility rises to approximately five times that of output. Similarly, consumption volatility rises from zero to forty percent of output volatility. Moreover, the cyclicality of net exports switches signs -it is 1.0 at the world discount factor but declines and turns negative quickly as we increase the government impatience parameter.
We then consider the impact of imposing a balanced budget rule on the government. We prove a version of the folk theorem that states that the first best allocation can be sustained if the government is patient "enough." In our numerical exercise, we show that the necessary threshold for government patience is extremely low. Specifically, as long as the government's discount factor is at least 20 percent of the world interest rate, a balanced budget rule will deliver the first best allocation from the domestic agents perspective (who are assumed to discount at the world interest rate). Consequently, a balanced budget rule, as is being followed in countries like Chile and Brazil, can be welfare enhancing for domestic agents.
The rest of the paper is organized as follows. Section 1 describes the environment. Section 2 characterizes the equilibrium, drawing on our previous results in Aguiar et al. (forthcoming) . Section 3 presents our numerical analysis. Section 4 discusses the implications of a balanced budget rule, and Section 5 concludes.
Environment
We study a small open economy populated by private agents and a government. There are two technologies in the economy that produce a single commodity. The traditional technology is associated with an endowment stream z.
3 The second technology has capitalists using domestic labor to produce output according to y = A(z)f (k, l), where A is total factor productivity indexed by z, k is capital, l is labor, and f is a constant returns to scale production function. Aggregate output is given by 
Profits are taxed at a rate τ t = τ (z t ), which is set after capital is installed and the shock is realized. We limit the tax rate at 1, so that the government cannot take more than 100 percent of the capital income. Taking as given the equilibrium path of taxes, the firms' optimality conditions for capital and labor are therefore:
The notation IE t−1 refers to expectation conditional on history through t − 1. For future reference, let k * denote the first best capital. That is, IEA(
The primary actor in the model is a government, which taxes capital and labor income, and borrows and lends a non-contingent bond with the rest of the world. The absence of contingent debt is without loss of generality, as taxes are assumed to be state contingent and can be used to trade resources across states of nature.
5 Let b t = b(z t ) denote the debt contracted in period t and due in t + 1. The government's period budget constraint is given by
where T t denotes lump sum transfers to the workers. Workers do not have access to financial markets directly (or, equivalently for our purposes, the government has enough instruments to control their consumption/savings decisions). The representative worker's budget constraint is
As the government controls the worker's consumption, we can combine their budget constraints into a single aggregate resource constraint. Moreover, we can use the constant returns to scale relation f k k + f l l = f together with the first order condition A(z)f l = w to the small open economy.
5 That is, there are several possible decentralizations to the planning problem we posed below, and these will depend on the assumed structure of the financial markets. Making the government debt non-contingent pins down a particular decentralization, but there are others, some of which would require state contingency (or debt default).
obtain:
where we use f i = F i for i = k, l. Equation (5) states simply that consumption and debt payments (the right hand side) must equal total output minus equilibrium payments to capital plus new debt. The government's objective function is to maximize the present discounted value of utility of the workers: IE
The interpretation is as follows: u(c t ) refers to the workers flow utility. Workers and capitalists are assumed to discount at the same rate,
. However, β represents the government's discount factor, which may be smaller than the agents'. This captures a government that may lose office and therefore prefers consumption to occur sooner rather than later.
6
The government chooses a sequence of taxes to maximize this objective function subject to the aggregate resource constraint and the firms' first order conditions. If the government could commit to a tax plan, we show in Aguiar et al. (forthcoming) that it would set taxes such that k = k * every period. That is, it would not distort capital. While this implies taxes are zero "ex ante", they are not zero ex post, as taxes and transfers with capitalists are useful to insure the worker's consumption. We are, however, interested in the case when the government cannot commit to a tax plan. We look for self-enforcing taxes such that the government has no incentive to deviate along the equilibrium path. These equilibria are supported by trigger strategies such that any deviation is punished by autarky, that is zero investment and no access to financial markets.
7
If the government deviates, it transfers all the output that period to the workers and then lives off the endowment thereafter. Therefore, the value of deviation is:
is the government's value function in autarky. A sequence of taxes and debt positions must satisfy the following participation constraints at every history:
Faced with these constraints, we assume that the government will pursue a sequence of taxes and debt positions to maximize its objective function (6).
Equilibrium Allocations
The equilibrium allocation can be solved using standard recursive techniques. We consider maximizing payments to debt holders conditional on delivering a particular utility to the government. This is the dual of the primal problem of a government maximizing utility given an outstanding stock of debt. The state variable will be the promised utility of the government, v. Denote the net present value of payments to bond holders conditional on delivering v to the government as B (v) . From (5), net payments to bond holders in a period is
which is total output minus payments to capital and domestic consumption. As debt is noncontingent, net payments are independent of the particular realization of z t . We therefore can average over the realizations z t , and as z is iid over time the expectation will be independent of the history through t − 1. Taking expectation over z t , the expected net payments are
where we use the fact that expected payments to capital equal the opportunity cost in equilibrium. The recursive problem can be expressed:
subject to:
The choice variables are capital, state contingent government utility u(z), and state contingent continuation utility ω(z), which will be the next period's state variable. The function c(u) is the inverse utility function, that is, the amount of consumption need to deliver utility u. The first constraint is the promise keeping constraint and the second constraint is the participation constraint. The choice variables are taken from a compact set Ω, whose boundaries are chosen so as not to constrain the equilibrium allocations (See Aguiar et al.,
forthcoming, for details). We studied the solution to this problem in detail in Aguiar et al. (forthcoming) . Here, we summarize the key analytical results and refer the reader to that paper for proofs. We start with the optimal policy for capital. Capital is strictly increasing in promised utility
Capital is never larger than the first best. Considering the primal problem, a high v is equivalent to a low stock of outstanding debt. The results imply that debt crowds out capital. The intuition for this result is that a large amount of debt makes autarky relatively attractive. Therefore, the government cannot credibly accommodate a large amount of foreign investment in the presence of the strong incentive to deviate. This translates into a high expected tax on capital. Given the relationship of capital to the state variable v, the next question is the evolution of promised utilities. Risk aversion implies that the full commitment solution equalizes consumption (or utility) across states. However, states with high z have a particularly attractive deviation payoff, so perfect insurance may not satisfy all the participation constraints.
If v ≥ v * , then participation constraints are not binding and utility is equalized across states in the following period. If v < v * , then consumption is not equalized across states. In particular, high z states must have high consumption to satisfy participation. The incentive to smooth consumption over time implies that the continuation values ω(z) are also higher following high shocks. Therefore, we have a spreading out of continuation values, with high shocks generating high continuation values and low shocks generating low continuation values. Given the policy functions for capital, this generates a positive correlation between the shock and investment, despite the iid nature of the shock. That is, the ability to smooth intertemporally, by using debt, induces persistence in the effect of z on output. If the government discounts at the risk free rate, so that β = 1/(1 + r), then a stock of assets is built over time until enough is accumulated so that first best capital and perfect insurance is sustained in the long-run. However, if β < 1/(1 + r), the government is too impatient to sustain the first best. In fact, the economy converges to a unique, non-degenerate ergodic distribution for k whose support lies strictly below k * ; that is, the economy will converge to a region where some participation constraint is always binding. The fact that this ergodic distribution is unique implies that transfers, such as a debt forgiveness policy, have only temporary effects. The fact that the distribution is non-degenerate implies that volatility is a permanent feature of the economy. An economy governed by an impatient government is destined for lower income and more volatility than one who discounts at the market interest rate.
Numerical Analysis
While in Aguiar et al. (forthcoming) we show that in theory even a small amount of government impatience results in distortions in investment and consumption and volatile cycles in the long-run, it does not shed light on the quantitative magnitude of these distortions.
We proceed now to study the model numerically to shed light on this question and to more generally evaluate the comparative static effects of government impatience on economic variables. Specifically, we vary β and evaluate the volatility, persistence and cross-correlation of some key economic indicators. The goal of this exercise is not a full calibration of a model economy. The purpose is to isolate the impact of government impatience and obtain an estimate of whether the effect is quantitatively significant. To that end, we maintain the simple framework of iid shocks in which the economy produces zero long run volatility in investment or consumption when β = 1/(1 + r). The question at hand is how much volatility is induced by alternative discount factors.
For the exercise, we assume that the consumption of the capitalists takes place abroad (that is, they are foreign based). The parameters of the model are set as follows.
8 A period in the model is one year. Utility is represented by the standard constant relative risk aversion utility function with the coefficient of relative risk aversion set to 2. Total output is given by F (z, k) = zk α + z with α = 1/3. z take two values, with the high shock set to 1.0 and the low shock set to 0.9, and each state occurs with probability 1/2 capturing the iid nature of shocks. These values of z generate a variance of 0.05, which is approximately the variance of HP-filtered log output for Argentina. 9 We set both the risk free rate and the depreciation rate to 0.05. We first consider mean effects. Figure 2 plots mean capital divided by k * as a function of β(1 + r). Recall that at β(1 + r) = 1, capital is at the first best, so the ratio of mean capital to k * is one. As β decreases, we see that mean capital is distorted down. Specifically, at β(1 + r) = 0.9, mean capital is distorted by 5% and at β(1 + r) = 0.8 the distortion approaches 10 percent. Figure 3 plots the standard deviation of log investment normalized by the standard deviation of log income, where standard deviations are those of the ergodic distribution. At 8 The computer code used for the simulations is available from the authors' website. The numerical method used value function iteration on a 10, 000 point grid (for each β in a range). With the optimal policies computed, the artificial economies were each simulated for 10 6 periods to generate the moments of the ergodic distribution.
9 Specifically, using annual log output from 1960-2007 we extract a trend using an HP filter with smoothing parameter 100. The standard deviation of detrended output is 5.9%. A smoothing parameter of 6.25 yields a standard deviation of 3.6%. β(1 + r) = 1, the ergodic distribution of investment is a singleton at the first best. As β declines investment volatility increases markedly. For example, at β(1 + r) = 0.9, investment volatility is five times output volatility. This is a significant increase in volatility in that it is solely due to contracting frictions given the iid nature of the shocks. Note that the effect of β is non-monotonic. As β approaches zero, no capital can be supported in equilibrium and investment is again constant. Figure 4 plots the relative volatility of consumption. Again, the benchmark is perfect insurance if β = 1/(1 + r). However, a more impatient government generates increased volatility in consumption. The magnitudes are large: a discount factor equal to 90 percent of the market interest rate generates a consumption volatility of 40 percent of output, compared to zero at β(1 + r) = 1. Figure 5 indicates how sovereign debt induces persistence in output in an environment with iid shocks. In particular, it depicts the autocorrelation of output in the ergodic distribution. In the first best, this autocorrelation is zero. However, as β falls, we see that output becomes autocorrelated. While the magnitude of the autocorrelation is not large in itself, recall that the benchmark is zero. Relative to this benchmark, governmental impatience adds 0.04 to the autocorrelation when β is 90 percent of 1/(1 + r).
Finally, figure 6 plots the correlation of net exports (F − C − I) with output. At the first best, capital is constant and consumption perfectly insured. This implies a positive correlation between net exports and output, a standard result of insurance in an open economy. However, as we increase impatience, the correlation of net exports with output turns negative. This highlights how government impatience both limits risk sharing and induces 
Balanced Budget Rules
The key source of volatility in the model is the interaction of debt and investment. High levels of debt displace capital due to the government's inability to commit. This force, combined with the cyclicality of debt, induces persistence and investment volatility in an economy subject only to iid shocks. A necessary condition for volatility in the ergodic distribution is that the government is impatient relative to the market interest rate; otherwise, the economy will build up enough foreign assets to achieve the first best. If governmental impatience simply reflects private agents' preferences, the volatile allocation is optimal and imposing an additional constraint cannot improve welfare. On the other hand, if governmental impatience reflect political economy frictions rather than the true preferences of private agents, access to debt induces excess volatility, and might be welfare reducing.
Under the assumption that private agents discount at the international risk free rate, the first best allocation features constant consumption and constant investment. We ask whether a balanced budget rule can deliver this first best allocation despite the presence of an impatient government.
To answer this question, we first prove a version of the folk theorem, which states in this instance that if the government is "patient enough", the first best can be sustained. We then use our numerical model to quantitatively characterize the range of discount factors for which the theorem is relevant.
Under a balanced budget rule, the government's external debt is constant, which we take to be zero. There is therefore no state variable that links periods given our iid shock process. We can represent the government's welfare, V , in recursive form as
and
The solution will feature a constant, maybe distorted, investment. Therefore, under the balanced budget assumption, either the first best is attainable immediately or it is never sustainable. Whether the first best is sustainable depends on the government's discount factor. In this environment, the folk theorem states that with a patient enough government, the full commitment solution is sustainable: The proof of this proposition is in the appendix. While the proposition establishes We shed light on this question using the same numerical model studied in the previous section. Specifically, we vary β and solve for the difference between the value function of the government at the first best allocation and the payoff for deviation. We plot this difference for the high z shock in Figure 7 , where the horizontal axis is β(1 + r) as before. For high β's, this difference is positive, implying that the first best is sustainable. 10 The value of β * relative to 1 + r can be found at the point where the difference crosses the horizontal axis. For this particular parametrization, β * is roughly 0.18/(1 + r). That is, the government needs a discount factor more than 80 percent smaller than the market rate before a balanced budget rule fails to deliver the full commitment allocation. While admittedly stylized, these numbers indicate that balanced budget rules can realistically help stabilize investment without significantly distorting investment.
allocation and autarky as ∆(β):
